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In this paper, we assume that *E* is a real Banach space with dual space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$J_{q}=J_{2}$\end{document}$ is called the *normalized duality mapping*. If *E* is smooth, then $\documentclass[12pt]{minimal}
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                \begin{document}$J=I$\end{document}$, where *I* is the identity mapping. Further, we have the following properties of the generalized duality mapping $\documentclass[12pt]{minimal}
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                \begin{document}$x\in E$\end{document}$. Let *T* be a self-mapping of *C*. We denote the fixed point set of the mapping *T* by $\documentclass[12pt]{minimal}
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                \begin{document}$f : C \to C$\end{document}$ is said to be a *contraction* if there exists a constant $\documentclass[12pt]{minimal}
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                \begin{document}$\Pi_{C}$\end{document}$ to denote the collection of all contractions from *C* into itself. Recall that a mapping $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert Tx-Ty \Vert \leq \Vert x-y \Vert ,\quad \forall x,y\in C. \end{aligned}$$ \end{document}$$ A mapping $\documentclass[12pt]{minimal}
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                \begin{document}$E:=H$\end{document}$ is a Hilbert space, then ([1](#Equ1){ref-type=""}) (and so ([2](#Equ2){ref-type=""})) is equivalent to the following inequality: $$\documentclass[12pt]{minimal}
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                \begin{document}$k\in[0,1)$\end{document}$. Note that the class of strictly pseudo-contractive mappings include the class of nonexpansive mappings as a particular case in Hilbert spaces. Clearly, *T* is nonexpansive if and only if *T* is a 0-strict pseudo-contraction. Strict pseudo-contractions were first introduced by Browder and Petryshyn \[[@CR2]\] in 1967. They have more powerful applications than nonexpansive mappings do in solving inverse problems (see, e.g., \[[@CR3]\]). Therefore it is more interesting to study the theory of iterative methods for strictly pseudo-contractive mappings. Several researchers studied the class of strictly pseudo-contractive mappings in Hilbert and Banach spaces (see, e.g., \[[@CR4]--[@CR9]\] and the references therein).

Now, we give some examples of *λ*-strictly pseudo-contractive mappings.

Example 1.1 {#FPar1}
-----------

(\[[@CR8]\])
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                \begin{document}$$Tx=\frac{x^{2}}{1+x},\quad x\in C. $$\end{document}$$ Then, *T* is a 1-strict pseudo-contraction.
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Over the last several years, the implicit midpoint rule (IMR) has become a powerful numerical method for numerically solving time-dependent differential equations (in particular, stiff equations) (see \[[@CR10]--[@CR15]\]) and differential algebraic equations (see \[[@CR16]\]). Consider the following initial value problem: $$\documentclass[12pt]{minimal}
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                \begin{document}$f:\mathbb{R}^{M}\to\mathbb{R}^{M}$\end{document}$ is a continuous function. The IMR is an implicit method given by the following finite difference scheme \[[@CR17]\]: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} y_{0}=x_{0},\\ y_{n+1}=y_{n}+hf (\frac{y_{n}+y_{n+1}}{2} ),\quad n\geq0, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Based on IMR ([5](#Equ5){ref-type=""}), Alghamdi et al. \[[@CR18]\] introduced the following two algorithms for the solution of the fixed point problem $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &x_{n+1}=x_{n}-t_{n} \biggl[\frac{x_{n}+x_{n+1}}{2}-T \biggl(\frac{x_{n}+x_{n+1}}{2} \biggr) \biggr],\quad n\geq0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &x_{n+1}=(1-t_{n})x_{n}+t_{n}T \biggl( \frac{x_{n}+x_{n+1}}{2} \biggr),\quad n\geq0, \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}\in H$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{t_{n}\}_{n=1}^{\infty}\subset(0,1)$\end{document}$. They proved that these two schemes converge weakly to a point in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(T)$\end{document}$.

To obtain strong convergence, Xu et al. \[[@CR19]\] applied the viscosity approximation method introduced by Moudafi \[[@CR20]\] to the IMR for a nonexpansive mapping *T* and proposed the following *viscosity implicit midpoint rule* in Hilbert spaces *H* as follows: $$\documentclass[12pt]{minimal}
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In numerical analysis, it is clear that the computation by the IMR is not an easy work in practice. Because the IMR need to compute at every time steps, it can be much harder to implement. To overcome this difficulty, for solving ([4](#Equ4){ref-type=""}), we consider the helpful method, the so-called *explicit midpoint method* (EMR), given by the following finite difference scheme \[[@CR22], [@CR23]\]: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} y_{0}=x_{0},\\ \bar{y}_{n+1}=y_{n}+hf(y_{n}),\\ y_{n+1}=y_{n}+hf (\frac{y_{n}+\bar{y}_{n+1}}{2} ),\quad n\geq0. \end{cases} $$\end{document}$$ Note that the EMR ([12](#Equ12){ref-type=""}) calculates the system status at a future time from the currently known system status, whereas IMR ([5](#Equ5){ref-type=""}) calculates the system status involving both the current state of the system and the later one (see \[[@CR23], [@CR24]\]).

In 2017, Marino et al. \[[@CR25]\] combined the generalized viscosity implicit midpoint rules ([11](#Equ11){ref-type=""}) with the EMR ([12](#Equ12){ref-type=""}) for a quasi-nonexpansive mapping *T* and introduced the following so-called *generalized viscosity explicit midpoint rule* in Hilbert spaces *H* as follows: $$\documentclass[12pt]{minimal}
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The above results naturally bring us to the following questions.

Question 1 {#FPar3}
----------

Can we extend the generalized viscosity explicit midpoint rule ([13](#Equ13){ref-type=""}) to higher spaces other than Hilbert spaces? Such as a 2-uniformly smooth Banach space or, more generally, in a *q*-uniformly smooth Banach space.

Question 2 {#FPar4}
----------

Can we obtain a strong convergence result of generalized viscosity explicit midpoint rule ([13](#Equ13){ref-type=""}) for finding the set of common fixed points of a family of mappings? Such as a countable family of strict pseudo-contractions.

The purpose of this paper is to give some affirmative answers to the questions raised. We introduce an iterative algorithm for finding the set of common fixed points of a countable family of strict pseudo-contractions by a generalized viscosity explicit rule in a *q*-uniformly smooth Banach space. We prove the strong convergence of the proposed algorithm under some mild assumption on control conditions. We apply our results to the common fixed point problem of a convex combination of a family of mappings and zeros of an accretive operator in Banach spaces. Furthermore, we also give some numerical examples to support our main results.

Preliminaries {#Sec2}
=============
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The *modulus of smoothness* of *E* is the function $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar5}
--------------
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Lemma 2.2 {#FPar6}
---------

(\[[@CR29]\])
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Lemma 2.3 {#FPar7}
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Using the concept of subdifferentials, we have the following inequality.
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Definition 2.9 {#FPar13}
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Main results {#Sec3}
============

Theorem 3.1 {#FPar15}
-----------
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Applying Theorem [3.1](#FPar15){ref-type="sec"} to a 2-uniformly smooth Banach space, we obtain the following result.

Corollary 3.2 {#FPar17}
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Application {#Sec4}
===========

The generalized viscosity explicit rules for convex combination of family of mappings {#Sec5}
-------------------------------------------------------------------------------------

In this subsection, we apply our main result to convex combination of a countable family of strict pseudo-contractions. The following lemmas can be found in \[[@CR36], [@CR37]\].
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Using Theorem [3.1](#FPar15){ref-type="sec"} and Lemmas [4.1](#FPar19){ref-type="sec"} and [4.2](#FPar20){ref-type="sec"}, we obtain the following result.
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The generalized viscosity explicit rules for zeros of accretive operators {#Sec6}
-------------------------------------------------------------------------
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Utilizing Theorem [3.1](#FPar15){ref-type="sec"} and and Lemma [4.4](#FPar22){ref-type="sec"}, we obtain the following result.
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The generalized viscosity explicit rules with weak contraction {#Sec7}
--------------------------------------------------------------

In this subsection, we apply our main result to the viscosity approximation method with weak contraction.

### Definition 4.6 {#FPar24}
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In 2001, Rhoades \[[@CR42]\] first proved Banach's contraction principle for the weakly contractive mapping in complete metric space.

### Lemma 4.7 {#FPar25}
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Utilizing Theorem [3.1](#FPar15){ref-type="sec"}, we obtain the following result.

### Theorem 4.9 {#FPar27}
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Numerical examples {#Sec8}
==================

In this section, we present a numerical example of our main result.

Example 5.1 {#FPar29}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E=\ell_{4}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C=\{\mathbf{x}=(x_{1},x_{2},x_{3},x_{4},\ldots)\in \ell_{4}:x_{i}\in\mathbb{R}\text{ for }i=1,2,3,\ldots\}$\end{document}$ with norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\mathbf{x}\|_{\ell_{4}}= (\sum_{i=1}^{\infty}|x_{i}|^{4} )^{1/4}$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f:C\to C$\end{document}$ be the contraction defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(\mathbf{x})=\frac{1}{3}\mathbf{x}$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{T_{n}\}_{n=1}^{\infty}:C\to C$\end{document}$ be the strictly pseudo-contractive mapping defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ T_{n}\mathbf{x}= \textstyle\begin{cases} \frac{1}{n} (1,\frac{1}{2},\frac{1}{3},\frac{1}{4},0,0,0,\ldots )-2\mathbf{x}& \text{if }\mathbf{x}\neq\mathbf{0},\\ \mathbf{0}& \text{if } \mathbf{x}=\mathbf{0}, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{0}=(0,0,0,0,0,0,0,\ldots)$\end{document}$ is the null vector on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ell_{4}$\end{document}$. We show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{n}$\end{document}$ is strictly pseudo-contractive. For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq1$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{x},\mathbf{y}\neq\mathbf{0}$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bigl\langle (I-T_{n})\mathbf{x}-(I-T_{n}) \mathbf{y},j_{2}(\mathbf{x}-\mathbf{y})\bigr\rangle &=\bigl\langle 3 \mathbf{x}-3\mathbf{y},j_{2}(\mathbf{x}-\mathbf{y})\bigr\rangle \\ &=3 \Vert \mathbf{x}-\mathbf{y} \Vert _{\ell_{4}}^{2} \\ &=\frac{1}{3} \Vert 3\mathbf{x}-3\mathbf{y} \Vert _{\ell_{4}}^{2} \\ &\geq\lambda \bigl\Vert (I-T_{n})\mathbf{x}-(I-T_{n}) \mathbf{y} \bigr\Vert _{\ell_{4}}^{2} \end{aligned} $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda\leq\frac{1}{3}$\end{document}$. Then, we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=\frac{1}{3}$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{n}$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{3}$\end{document}$-strictly pseudo-contractive with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bigcap_{n=1}^{\infty}F(T_{n})=\{\mathbf{0}\}$\end{document}$. Further, we observe that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{n}$\end{document}$ is not nonexpansive.We show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\{T_{n}\}_{n=1}^{\infty},T)$\end{document}$ satisfies the AKTT-condition. Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\sup_{\mathbf{x}\in \ell_{4}} \Vert T_{n+1}\mathbf{x}-T_{n} \mathbf{x} \Vert _{\ell_{4}} \\ &\quad =\sup_{\mathbf{x}\in \ell_{4}} \biggl\Vert \frac{1}{n+1} \biggl(1, \frac{1}{2},\frac{1}{3},\frac{1}{4},0,0,0,\ldots \biggr)-2 \mathbf{x}-\frac{1}{n} \biggl(1,\frac{1}{2},\frac{1}{3}, \frac{1}{4},0,0,0,\ldots \biggr)+2\mathbf{x} \biggr\Vert _{\ell_{4}} \\ &\quad = \biggl\Vert \frac{1}{n+1} \biggl(1,\frac{1}{2}, \frac{1}{3},\frac{1}{4},0,0,0,\ldots \biggr)-\frac{1}{n} \biggl(1,\frac{1}{2},\frac{1}{3},\frac{1}{4},0,0,0,\ldots \biggr) \biggr\Vert _{\ell_{4}} \\ &\quad = \biggl(\frac{1}{n}-\frac{1}{n+1} \biggr) \biggl\Vert \biggl(1, \frac{1}{2},\frac{1}{3},\frac{1}{4},0,0,0,\ldots \biggr) \biggr\Vert _{\ell_{4}}. \end{aligned}$$ \end{document}$$ So we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum_{n=1}^{\infty}\sup_{\mathbf{x}\in \ell_{4}} \Vert T_{n+1}\mathbf{x}-T_{n}\mathbf{x} \Vert _{\ell_{4}} & =\lim_{n\to\infty}\sum_{k=1}^{n} \sup_{\mathbf{x}\in \ell_{4}} \Vert T_{k+1}\mathbf{x}-T_{k} \mathbf{x} \Vert _{\ell_{4}} \\ & =\biggl\Vert \biggl(1,\frac{1}{2},\frac{1}{3}, \frac{1}{4},0,0,0,\ldots \biggr) \biggr\Vert _{\ell_{4}}< \infty, \end{aligned}$$ \end{document}$$ *that is*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\{T_{n}\}_{n=1}^{\infty},T)$\end{document}$ satisfies the AKTT-condition, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T:C\to C$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} T\mathbf{x}=\lim_{n\to\infty}T_{n}\mathbf{x}=-2\mathbf{x}, \quad \mathbf{x}\in C. \end{aligned}$$ \end{document}$$ Since in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ell_{4}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q = 2$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\kappa_{2}=3$\end{document}$, we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta_{n}=\frac{1}{9n}+\frac{1}{9}$\end{document}$. Define the mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{S_{n}\}_{n=1}^{\infty}:C\to C$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ S_{n}\mathbf{x}= \textstyle\begin{cases} (\frac{2}{3}-\frac{1}{3n} )\mathbf{x}+ (\frac{1}{9n^{2}}+\frac{1}{9n} ) (1,\frac{1}{2},\frac{1}{3},\frac{1}{4},0,0,0,\ldots )& \text{if } \mathbf{x}\neq\mathbf{0},\\ \mathbf{0}& \text{if }\mathbf{x}=\mathbf{0}. \end{cases} $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\{T_{n}\}_{n=1}^{\infty},T)$\end{document}$ satisfies the AKTT condition, we also have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\{S_{n}\}_{n=1}^{\infty},S)$\end{document}$ satisfies the AKTT condition, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S:C\to C$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} S\mathbf{x}=\lim_{n\to\infty}S_{n}\mathbf{x}= \frac{2}{3}\mathbf{x},\quad \mathbf{x}\in C. \end{aligned}$$ \end{document}$$ Then, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(S)=F(T)=\bigcap_{n=1}^{\infty}F(T_{n})=\{\mathbf{0}\}$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha_{n}=\frac{1}{32n+1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta_{n}=\frac{1}{100n+3}+0.32$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{n}=\frac{n}{2n+1}$\end{document}$. So our algorithm ([16](#Equ16){ref-type=""}) has the following form: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} \bar{\mathbf{x}}_{n+1}= (\frac{1}{100n+3}+0.32 )\mathbf{x}_{n}+ (0.68-\frac{1}{100n+3} )S_{n}\mathbf{x}_{n},\\ \mathbf{x}_{n+1}=\frac{1}{32n+2}f(\mathbf{x}_{n})+\frac{ 32 n}{32n+1}S_{n} (\frac{n}{2n+1}\mathbf{x}_{n}+\frac{n+1}{2n+1}\bar{\mathbf{x}}_{n+1} ),\quad n\geq1. \end{cases} $$\end{document}$$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{x_{1}}=(1,-0.25,1.46,1.85,0,0,0,\ldots)$\end{document}$ be the initial point. Then, we obtain numerical results in Table [1](#Tab1){ref-type="table"} and Fig. [1](#Fig1){ref-type="fig"}. Figure 1The behavior of errorsTable 1The values of the sequences $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\mathbf{x}_{n}\}$\end{document}$*n*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbf{x}_{n}$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\mathbf{x}_{n+1}-\mathbf{x}_{n}\|_{\ell_{4}}$\end{document}$1(1.000000, −0.250000, 1.460000, 1.850000, 0, 0, 0,...)1.459e+0050(0.007006, 0.003503, 0.002335, 0.001751, 0, 0, 0,...)1.471e−04100(0.003416, 0.001708, 0.001139, 0.000854, 0, 0, 0,...)3.531e−05150(0.002258, 0.001129, 0.000753, 0.000565, 0, 0, 0,...)1.549e−05200(0.001687, 0.000843, 0.000562, 0.000422, 0, 0, 0,...)8.657e−06⋮⋮⋮400(0.000838, 0.000419, 0.000279, 0.000210, 0, 0, 0,...)2.143e−06450(0.000745, 0.000372, 0.000248, 0.000186, 0, 0, 0,...)1.692e−06500(0.000670, 0.000335, 0.000223, 0.000167, 0, 0, 0,...)1.369e−06

Conclusion {#Sec9}
==========
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